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THE CHEMICAL EXAMINATION OF SPHAERANTHUS 
INDICES LINN. PART II 

T/je Constituents 
By Ram Das Tiwari 
Chemistry Dept., University of Allahabad 
(Received on August 13, 1946). 

Summary 

A glucoside having the molecular formula C22H26O12 has been 
isolated from Sphaeranthus indicus. A higher alocohol Csq Hg2 O has also 
been found in the unsaponifiable matter of the fatty oil of the material. 

In a previous communication^, the author examined the component 
fatty acids and the probable glyceride structure of the fatty oil from Sphae- 
ranthns indicus. In the present communication, other constituents of the 
plant have been isolated and studied. A preliminar}i examination of the 
material has shown the presence of albumins, tannins, reducing sugars, 
fatty oil, a volatile oil and some glucoside but no alkaloid could be 
detected. This, however, is contrary to the report of Dymock^. 

For detailed examination the material was extracted with rectified 
spirit and from the alcoholic extract various constituents were isolated and 
examined as described in the experimental part. The constants of the 
volatile oil have been determined and found to be in fair agreement with 
those obtained by Saniiva Rao and co-workers®. The component fatty 
acids and the probable glyceride structure of the fatty oil have already been 
reported. Also from the unsaponifiable matter of the fatty oil a compound 
M, P. 78®C was isolated which was identified to be a higher aliphatic 

55 



56 


RAM DAS TIWARl 


alcohol C30 H62 O. In spite of the anah^tical results of tliis compound, 
nothing definite can be said regarding its exact composition because it 
has been definitely shown by Chibnall^ et. al. that the alcohols of higher 
molecular weight are mixtures of alcohols with even numlrcr of carbon 
atoms from €34 to C3g. Usually a complex mixture of these compounds, 
inseparable by methods at present available, is present. 

The chief constituent of the material is a glucoside €33 Hgg Cjg M.P. 
i48-i 49°C. It is slightly soluble in cold alcohol and more on 
warming and gives no colour with ferric chloride. It dissolves in concen- 
trated sulphuric acid with red colour and in concentrated nitric acid with 
yellow colour which turns to red on heating. On boiling with dilute 
sulphuric acid it gave glucose and another compound which was soluble 
in water and did not separate out from the product of hydrolysis. The 
aglucone appears to be a phenolic compound as a Iduc green colour is 
obtained with ferric chloride. 

Besides the above glucoside, potassium chloride, tannins and reducing 
sugars chiefly glucose have also been identified. The exact constitution 
of the glucoside will be studied and reported afterwards. 

Experimental. 

The material employed for the investigation consisted f)f the capitulas 
of Sphaemitlm indicus obtained from the Punjab vXyurvcdic Pharmacy, 
Amritsar and identified locally. 

Thirty grams of the crushed material was incinerated completely on 
a porcelain dish when 2-91 gms. (9-7 per cent.) of a dirty white ash was 
obtained, which on examination was found to contain the following 
basic and acidic radicals : — Aluminium, calcium, magnesium, sodium, 
potassium, chloride, carbonate and sulphate. 

About twenty gms. of the crushed material was extracted with boiling 
water. The extract gave blue colour with ferric chloride, a precipitate 
with lead acetate solution and reduced Fehling solution. No test for alka- 
loids was obtained. The presence of tannins and reducing sugars is thus 
indicated. 

A small amount of the crushed material was then extracted with 
one per cent hydrochloric acid solution but the extract e-avc no test for 
alkaloid with the alkaloidal reagents. About twenty grams of the crushed 
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material was mixed with moist lime and distilled. No tests for alkaloid 
were obtained either in the distillate or in the liquid left in the flask. 
The plant, therefore, does not appear to contain any alkaloid. 

The average weight of a capitula was o'iii5 gms. and on being 
crushed they were found to contain 3 ‘91 per cent of moisture. In order 
to liave an approximate idea regarding the solubility of the constituents, 
twentyfive grams of the powdered material was extracted in a soxhelet appa- 
ratus with a number of solvents in the given order and the following 
results were obtained : — 

(1) Vetrolenm ether (40-60°) a dark coloured extract was obtained which 
on distillation of the solvent gave a dark green oil having a good charac- 
teristic odour yield 5 • 03 per cent. This consisted mostly of the fat. 

(2) Absolute ether. — a thick dark resinous mass was obtained. Yield 
I ■ I per cent. This gave no test for alkaloid or glucoside and consisted 
mostly of the chlorophyll. 

(3) Cblorojonu. — a dark grey mass consisting mostly of the chlorophyll 
was obtained. Yield 0*9 per cent. 

(4) E/Zn'/ acetate. — A light blue green extract was obtained which gave 
a dirty green mass consisting of tannins and chlorophyll. Yield 0*7 per cent. 

(5) Absolute alcohol. — A dark brown extract was obtained from which 
a dirty brown mass was obtained on distilliug off the solvent. The residue 
consisted of tannins and glucoside with some chlorophyll. Yield 14.3 
per cent. 

(6) Alcohol 70 per cent. — An yellow brown extract which gave test for 
tannins- and reducing sugars was obtained. Yield 7' 8 per cent. 

The 'presence of albumins was also indicated by extracting the 
residue with caustic soda. A part of the material was also distilled with 
water when a distillate having pleasant characteristic smell was obtained, 
showing the presence of essential oil in the material. 

The crushed material was so light and voluminous that hardly 600 
gms. could be put in a five litre extraction flask and when about 4 litres 
solvent was added, only about a litre could be filtered back, the rest of 
it was absorbed by the material. It became impossible, therefore, to use 
petroleum ether or benzene for extpaction of the fatty oil from the material, 
more so because of the low yield of the oil (5 per cent). 
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Hence for the purpose of complete examination about twenty kilogram- 
mes of the crushed material was extracted with rectified spirit in lots 
of 600 gms. in a five litre extraction flask. The whole extraction took 
about eight months. 

The alcoholic extract on concentration and, keeping deposited 3 ‘a gms. 
of a residue (R). On distilling off most of the solvent a syrupy mass having 
a characteristic odour was left. This was distilled in a current of 
steam. The steam distillate was extracted with , ether when 14 '86 gms. of 
a volatile oil (V) having a characteritstic smell was obtained. Now there 
remained in the distillation flask (i) a black solid resinous mass (D) at the 
bottom (2) an aqueous layer (L) over the black resinous mass and (3) 
an oily layer floating over the aqueous layer. 

'Examination of the residue (R). — This melted between 80-1 zo^C. and 
appeared to be partly inorganic. On ignition it left 2 ’29 percent of ash. 
On repeated crystallisations from boiling absolute alcohol i • i gms. of a 
light yellow substance melting point 85-86°C was obtained. This was 
free from any inorganic impurities, was insoluble in cold or hot water, 
dilute acids, dilute or ' strong alkali but was soluble in concentrated 
acids on warming, giving a red colour. The substance was however not 
of distinct crystalline character and was therefore not analysed. 

Examination of the volatile oil (V). — This was viscous light orange brown 
coloured oil having a characteristic odour and bitter taste. It was soluble 
in water and alcohol. The physical and chemical constants of the oil are 
given below. The constants of the oil as reported by Sanjiva Rao et. al 
iloc. cit.) are also given for comparison. 


Constants. 


Yield on the material 
Specific gravity 

Refractive index 
Acid value 
Saponification value. 
Ester value 

Saponification value after 
acetylation 


Results of the 
author 


Results of Sanjiva 
Rao et. al. 


0-07 per cent 

0- 9679 (3o°C) 

1- 5034(2 j°C) 

4-9 

20-6 

15-7 


0-27 to 0-37 

0- 9675 to 0-9684 

(3o“C) 

1- 5032 to i-504 (3o'’C) 
I '4 to 3-2 

4' 8 to 14-4 


112-3 


117-6 to 136-2 
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The detailed examination of the constituents of the oil 'will be done 
when about ten maunds of the fresh material will be available. As the 
most common way of the use of the drug is in the form of its stream dis- 
tillate, there is no wonder that the active principle of the plant may be 
some constituent of the volatile oil. The study of this will therefore be 
very interesting. 

'E^xamination of the black solid resinous mass (D). — The black resinous mass 
weighing 12 gms. (o-o6 %.) was insoluble in water. It was dried 
for about fifteen days in a vacuum dessicator and mixed with 30 gms. of 
the powdered pumice stone and powdered finally. Then this powdered 
mass was extracted successively with ether, chloroform ethyl acetate and 
absolute alcohol in a soxhelet extractor, but from none of these 
could a crystalline compound be isolated. In all cases a resinous mass 
was obtained. Hence this part could not be examined in detail. 

Examination of the aqueous layer (L.). — The aqueous layer was first 
extracted with ether, chloroform and amyl alcohol in succession. The 
ether and chloroform extracts contained small amounts of oily resinous 
mass and the amyl alcohol extract contained mostly tannins. This was 
then concentrated to a smiaU volume and kept for about a week inside 
a frigidaire when it deposited a residue which was of inorganic nature. 
No more of this residue was obtained on further concentration. Thus 
10 '3 gms. of this residue was obtained (yield o'o^% on the material). 
This was purified by crystallising from water and was identified to be 
potassium chloride. 

To the liquid after separation of the above residue, a solution of lead 
acetate was added, when an yellow precipitate was obtained. The pre- 
cipitate was filtered off, washed, suspended in water and decomposed 
with hydrogen sulphide. The lead sulphide was filtered off and hydrogen 
sulphide was driven off from the solution by passing carbon dioxide and 
heating. This was then concentrated and kept but no crystalline compound 
separated. The water was then completely removed when only tannins 
were left. 

To the main filterate a solution of basic lead acetate was added when 
a small amount of precipitate was obtained. This was filtered . off and 
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decomposed with hydrogen sulphide as above, but only smtill amounts of 
tamiins were obtained. 

The mother liquor after filtering off the precipitate with basic lead 
acetate was treated with hydrogen sulphide to remove excess of lead . The 
solution was then freed from hydrogen sulphide by bubbling in carbon 
dioxide and heating, concentrated and kept but no solid separated even on 
keeping it for ten days inside a frigidaire. This was a syrupy mass smelling 
strongly of reducing sugars. On treatment with phenylhydrazine and glacial 
acetic acid an osazone was obtained which after crystallisation from 70 % . 
alcohol was found to melt at 205°C. This melting point was not 
depressed by the addition of a pure sample of glucosazone. The reducing 
sugars therefore chiefly consist of glucose. 

The aqueous layer has thus been found to consist of potassium chloride, 
tannins and reducing sugars. 

The examination of the oily layer . — The oily layer was separated from 
the aqueous layer by means of a separating funnel and was then extracted 
with petroleum ether (B. P. 4o-6o°C). The extract was washed, 
dehydrated and the solvent was distilled off when 682 gms. of a fatty 
oil having a dark green colour vras obtained (yield 3-4 per cent, on the 
material). This w^as a semi drying oil the examination of the component 
fatty' acids and probable glyceride structure of which has already been 
reported in part I. 

While describing the results of the examination of the unsaponifiable 
matter of the fatty oil, it was stated that the unsaponifiable matter consists 
of a compound melting point ySW, besides a phytosterol M. P. i55°C. 
This compound on repeated crystallisation from absolute alcohol melted 
at79’5C. This was found to be a primary aliphatic alcohol. On 
analysis the compound was found to contain €=82-49 cent, and H= 
13-83 per cent ; C30 Hgi (OH) requires €=82 • 19 per cent, and H= 14 . 16. 
per cent. Also found molecular weight [Rast] 439 and C30 Hgi (CH) requires 
438. 

On boiling with acetic anhydride and sodium acetate it gave an acetyl 
derivative which after crystallisation from alcohol melted at 68-69°C. 
Benzoyl derivative was similarly prepared and crystallised twice from 
absolute alcohol when it melted at yo'C. 
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In Spite of these analytical results, nothing definite can be said regard- 
ing the exact composition of this alcohol because it has been definitely 
shown by Chibnall et. ah {loc. cii) that alcohol of higher molecular weight are 
mixtures of alcohol with even number of carbon atoms from €24 to Cgg. 
Usually a somewhat complex mixture of these compounds inseparable by 
methods at present available is presented. Hence no reliance can be placed 
on analytical data. 

After removing the fatty oil from the oily layer with petorleum ether 
(B. P. 4o-6o°C), the remaining portion was extracted with ether when 
4'6 gms. of a resinous mass was obtained. Attempts to crt^stallise it 
from various solvents were not successful. 

The other insoluble portion of above was fractionally crystallised from 
absolute alcohol whereby two substances were obtained. One was 
a dirty white substance hl.P. i45°C and the other was a light yellow 
■amorphous mass with no sharp melting point and appeared to be partly 
inorganic. 

Isolation oj the gUu'oside. — The dirty white substance hl.P. i45°C as 
obtained above was repeatedly crystallised from alcohol when white silky 
needles M.P. i48-i4t)°C were obtained. Further crystallisation did not 
raise the melting point. 3 • 5 gms of the substance was thus obtained 
(yield o' 002 per cent.). The substance does not contain nitrogen, 
sulphur or halogen and is aromatic in character — ^It is insoluble in cold 
or hot water, slightly soluble in cold alcohol more on warming, insolu- 
ble in dilute or strong alkali and cold dilute acids. It dissolves in hot 
concentrated sulphuric acid with red colour and in concentrated nitric acid 
with yellow colour which turns red on heating. The substance does not 
give any colour with ferric chloride in alcoholic solution nor does it reduce 
Fehling Solution. On analysis it was found to contain € = 54 '64 per cent, 
and H = yiz per cent ; C22 Hgg O12 requires C = 54'78 per cent and 
H = 5 '40 per cent. Also found molecular weight 490 [Rast] C22 Hgg Ojo 
requires 482. 

On boiling for two hours with dilute sulphuric acid, it reduced Fehling 
Solution showing that it is glucosidal in character. In the solution result- 
ing on hydrolysis glucose was detected (osazone M. P. 204°C) showing 
that the sugar part of the glucoside is glucose. The aglucone does not 



6i 


RAM DAS TIWARI 


separate on keeping the hydrolysis product showing thereby that it is water 
soluble. It, however, appears to be phenolic in character as a blue green 
colour was obtained with ferric chloride. 
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ON THE STRONG SUMMABILITY OF THE DERIVED 
SERIES OF A FOURIER SERIES 

By U. N. Singh 
University of Allahabad 

{Communicated by Dr. B. N. Prasad — Psceived on 13-8-1946.) 

I . I A series 

^0 + ^1 + ^2 T 

is said to be strongly summable (C, i) to the sum S, if 


n 


(1.11) 

, 2IS.-SI 

= 0 («) 


;; = 0 


where 


- 1 - %. 


The series is said to be summable H^, k>o\i there exists a finite number 
S, such that 

(1.12) 2 1 S,-S I ^=0 (») 

i .=0 

1.2. It is knowni that the derived series of a Fourier series corres- 
ponding to a function / (jc), periodic and integrable (L), is summable 

(C, S), S>i to the sum lim. wherever this limit exists. 

When f (x), in addition, is a function of bounded variation, the 
derived series is summable (C, i) almost everywhere to the first differen- 
tial coefficient of / (x).^ With regard to the summability H 2 Mardnkie- 
wicz® has proved that a Fourier series and its conjugate series are summable 
Hg almost everywhere. But when we come to consider the Hg summabi- 
lity of the derived series of the Fourier series corresponding even to a 
function of bounded variation, the result is rather unexpected. In fact 
the analogy in the results of the Fourier series and its derived series with 
regard to the C-summability process breaks down when the summability 
Hg is applied to these series. 

^ Zygmund [3] ® Young [2] ® Matcinkiewicz [1] 

F. 2 


6 ? 
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1.3. In this paper we shall prove by considering an example that 
the derived series of a Fourier series associated with a function of bound- 
ed variation is not necessarily strongly summable (C, i) at a point where 
the first differential coefficient exists. Indeed, our example shows that 
the derived series may not be summable anywhere in the interval 
( 0 , 277). 

I am much indebted to Dr. B. N. Prasad for his kind interest and 
advice in the preparation of this paper. 

2. Let 

f(x)=i {tt—x) {0<x<2‘n) 

/( 0)=0 

and we define / (x) outside this interval by periodicity with period ztt. 
J {x) is an odd function of bounded variation v,dth just one jump at .v=0 
in the whole period. Denoting the Fourier constants of f (x) by a,,, b,„ 
we obtain 

On =0 for every value of n 

and for »>0 


257 

h~ -^1 / ( 8 ) sin nd dO = (tt— 6 ) sin tid dd 
0 0 



( 2 - 2 ) 


2 cos nx 

n = \ 
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Now the series ( 2 . 2 ) is summable (C, i) to - | i.e., to the first 
differential coefficient of / (x), everywhere in the open interval (0, air), 
as can easily be verified. If we denote by S„ = S„ (.v) the sum of the 
first n terms of the series ( 2 . 2 ), then the result we have just stated can be 
written as 

2 {Sv— /' (x)}=0 (») 

^=1 

for every value of x in the open interval (0, 277 ) 

Here we shall prove that 

n 

(2.3) 2iSr-/(x)| 4:o(«)atx=77 

y = 1 

(2.4) + o atx=7r 

i- = l 

and 

n 

(2.5) 2 {Sv-f (x)}2 o («) any where in (0, 2 ot) 

F = 1 

For, when x is not zero 

V 

Sv (x) = 1 + 3 cos mx 

sin(v+|)x 
2 sin 

Hence for x=7r 

2 sin 2 

- for all values o£v - 

Therefore 

n 

2ISv-/'(x)|=^ 

v = i 

which proves (z'?) 

Again, 
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I S.-/(x) l' ,^”,1 

V " (< 

v=i 1 

— i j^l + 2 +'-*+'^ — log « J ^ log , 

and this proves (2-4) 

To prove (2.5) we observe that 

X 


i sin^ 


1 1-cos (2v+l) 


sin^ 


X 


Hence 


" 1 - 

SlSv/'C^f)}® = E {l-cos(2v+l)x} 

1 8 sin* I 1 

= ^ r ^ __ / sin 2 (/?+l)-^~sin 2x 

Ssina-L ^ i 


1 ^ 

^ S""/' W} ® in the open interval (0, 2 n) 

«->oo 1 8 sin^ ~ 

This proves (2.5). 

3. Let /(/) be a function of bounded variation, periodic and in- 
tegrable (L). Let the Fourier series corresponding to /(if) be 


( 3 . 1 ) 


00 

po + 2 (a„ COS nt\h„ sin nt) 


«=1 


Denoting by S„ {x) the sum of the first n terms of the first derived series 
of (5*1) at the point /=jv w'e have 


2 :r 

S„(x) = . 


J_ sia{» + i) (x~u) ,, , , 
^x ; x-u ^ 


sin 


2 
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sin 5 (x-u) J 


TT 


0 •' 
Now integrating by parts the right-hand side we obtain 


= si 

0 

0 

Where (f> (/) = ^ (t, x) = f(x + t) -f(x -t')-zt f'(x) and f'{x) denotes 
the first diflFerential coefficient of/ (/) at the point t=x. We shall now 
prove the following theorem. 

Theorem A. If at a point x where f (x) exists. 

i 

= 0(/) (/->0) 

0 

then 

(3.3) S {Sr (x) —f (x)p = o (# log ») 

i'=i 

4. In order to prove theorem A we shall require the following 
lemma. 

Lemma. If 

t 

(4.1) j| 4^(») I = 0(/) 

0 


2 i (*=■)-/' (•^) }^ 

1 




sin n (//—/) , . , , 

d 4 , (a) + 0 («). 


l/» 


l/« 


then 
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Proof of the Lemma. We have from (3.2) 

Sv (X) - f (x)- = ^ f sin ^ 

^ ^ 27r J sin 


0 

tin 


2wJ sini/ 2w J sin iif 

0 l/« 


(v<«). 

Now 

and 

Hence 


fsinj^ < (2. + 1) [ I I = O (1) 

J Sin 2^ J 

0 0 

T TT 

I cos vtd<f, (t)<^ \dct>(t) \ = O (1) 


Sv (.*:)— /' sin v/ cot it d<j> (/)+ O (1) 

l/» 

= wf +0(1) 

l/« 


TT TT 


and 


i: {s. ix)-f (3;)}^ = ( s }-^ + o («) 

1 l/« ijn 1 

“ I " («-^)-cos V (u+f) I - iM .. + 0 («) 

l/» l/» 1 


1 f d<j> (t) r sin (ft+i) (»— /) 1 


257 ^ 


(4-2) 


1^1 

l/« l/« 


2 sin 2 (//—/) * ^ 


d ^ (u) 


_ 1 f ^4> W f sin (« + 5 ) (u+f) 1 , , , , . ^ , 

^ — J -2linH«+V • T '^^(^)+ O («) 

l/« l/« 


27r2 
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Now 


co^ n{u t) ^ ^ ^ o { (log nn = O («) 

1/n Ijn 

t 

for, putting (p (/) = ^ \ d4> (») 1 and integrating by parts we get 


j i («) I |~ y (») j + j ^ j,, 

IJn l/fi Ijn 


l/fi Ijn 

= O (1) + o (log ») ^ O (log ») 


Hence from'(4.2) we obtain 
(4.3) 2 { S. (x)-f (x)}^ = ^ J ^ I 


1 f ^ ^ f sin (//—/) M (//) 

// — / u 

Ijfi ijn 


_ J_ r # (^) f siQ«(«+^) W , o („■) 

27T^} f } U+t » ^ 

l/» l/» 

=: 1]^ + I2 + O (») 


Now, since 
and 


_ 1 _ 1 } 

ti (/^— /) / 1 / // J 




277^ 


f # w“f 

sin n (u--f) 

#(«) 


J / J 

u—t 

u 

J U 

l/« / 



Ijn 

TT t 



77 

f ^ if) f 

sin n (u — /) 

d(j) (u) 

-1^1- 

'■] if J 

/y— / 

u 

1 jn 1 jn 



ijn 


_ 1 r ^^ (/) r sin ;?(//—/) ^<^ (//) 

TT^J / J //-/ // 

1 In 1 Jn 

1 jn ijn 
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and 


= ^ WH-0{ j 

l/« l/« l/« l/« 


I (^) I f I d<f> (u) I _ f I d<t> (/) I 
^2 J ^ J /2 

l/« l/« \]n 


7i 

1 


t t 

+ 

\}n 1 Jn 




=fi^r^+o(i)+o(,„g.,)i 
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Thus from (4.3), (4.5) and (4.6) the lemma follows 
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because 


tin 

I = [ iP^ j + ^,= 0 ( 1 )+ O (log «). 

l/« lln \!n 


Integrating by parts we get 
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/-!/« t 

= I 0 (») du +1 o (») du 
t-mjn t—ljn 

= o (nf) 

so that the last integtal in (5'3) is <? (« log n) 

Hence 

(54) Ji = o(«log«) 

when is fixed. If we take ;??? sufficiently large ( 5 , 2 ) will mean that 
j2=o (n log n) 

The required result now follows from ( 5 . 1 ), ( 5 . 2 ) and ( 5 . 4 ). 


References 

1 . Marcinkiewicz, J. 19S9, Jour. Loud. Math. Soc. 14, 162-168. 

2 . Young, W. H. 1913, froc. Loud. Math. Soc. XIII, 21-23. 

3. Zygmund, A. Trigonometrical Series (Warsaw 1935). 



ON THE co:mpositions of the negatively and the 

POSITIVELY CHARGED COLLOIDAL SOLUTIONS OF VARIOUS 
FERRIC SALTS AND THEIR DEPENDENCE ON THE DISSOCIA- 
TION CONSTANTS OF THEIR POLYBASIC ACIDS 
By S. P. jMushran and Satya Prakash 
Chemical Laboratories, University of Allahabad 
{Kead on lith September 1946 .) 

Grimaux^, Holmes and coworkers^, prepared and studied the positively 
charged sols of ferric arsenate, ferric phosphate and chromic arsenate. 
Varma and Prakash® studied the peptisation of ferric arsenate, phosphate, 
molybdate and tungstate by ferric chloride m presence of various peptising 
agents which gave positively chargea sols. Ferric borate sol and gel were 
obtained by Prakash and Dhar^. Much less work, however, appears to have 
been done on the sols of these ferric salts, bearing a negative charge. In 
several publications®, we have described the preparation of the negatively 
charged colloidal solutions of various ferric salts and this paper records our 
observations on the compositions of the negatively charged colloidal solu- 
rions of ferric vanadate, molybdate, tungstate, borate, arsenate and phos- 
phate. For comparison, we have also studied the compositions of the posi- 
tively charged sols of the corresponding ferric salts. An attempt has 
also been made to discuss the compositions in the light of the dissociation 
constants of the various poly basic acids. 

Experimental 

preparation of the positively charged sols : — A large number of sols (two of 
each denoted by A and B were prepared by adding to ferric chloride solu- 
tion different amounts of precipitants such as ammonium vanadate, potassium 
molybdate, sodium tungstate, sodium borate, petassium dihydrogen arsenate 
and potassium dihydrogen phosphate and dissolving the precipitates in 
excess ferric chloride. The sols were purified by dialysis. 

Preparation of the negatively charged sols : — K large number of sols (two 
of each denoted by A and B) were prepared by adding to ferric chloride 
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solution different amounts of the same precipitants as above and dissolving 
the precipitates in caustic soda in presence of glucose or glycerine. The 
sols were purified by dialysis. 

Composition of the Sols 

Verric vanadate sol : — The amount of iron in the sol was estimated by 
reducing'ferric iron to the ferrous state by the addition of a freshly prepared 
stannous chloride solution and titrating against standard potassium dichro- 
mate solution. In order to find out how much of the vanadate is in the 
combined state with iron, 'the ' sol was coagulated cataphoretically as well 
as by potassium chloride. The coagulum was in both the cases separately 
collected, thoroughly washed and estimated for vanadate by dissolving it 
in hydrochloric acid and reducing the pentavalent vanadium to the quadri- 
valent state by means of ferrous ammonium sulphate and titrating the excess 
ferrous ammonium sulphate against potassium dichromate using potassium 
ferricyanide as an external indicator. The combined iron corresponding 
to this amount of vanadate was calculated on the assumption that the 
ferric vanadate is Fe (V03)3 in the case of the negatively charged sol and 
FeV04 in the case of the positively charged sol. The rest of the iron 
is present as hydrated ferric oxide. From the ratio of the free to the com- 
bined iron, the empirical formula of the sol was calculated. 

Ferfle molybdate sol ! The amount of iron in the sol was estimated by 
the use of the reagent cupferron (CgHgN.NO.ONH^). The precipita- 
tion was carried out in cold acidic solution. The precipitate was washed 
with cold water and then with 6N — ammonia solution to convert the iron 
precipitate into ferric hydroxide, which'was ignited and estimated as Fe O . 
In order to find out how much of the molybdate is in the combined state 
with iron, the sol was coagulated cataphoretically as well as by potassium 
chloride. The coagulum in both the cases was separately collected 
thoroughly washed and estimated for molybdate as M0O3. This was’ 
done by dissolving the coagulum in hydrochloric acid and precipitating 
molybdenum as.MoS3 in a small pressure flask by hydrogen sulphide. The 
flask was then corked, heated over a water bath until the precipitate 
completely settled. The precipitate was filtered off when it became cold 
and was washed with dilute acid solution. The moist filter paper was 
placed in a silica crucible, dried upon a water bath and by gentle ignition 
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was changed into oxide and weighed as such. The combined iron cor- 
responding to this amount of molybdate was calculated on the assumption 
that the ferric molybdate is Fe2(Mo04)3. The rest of the iron is 
present as hydrated ferric oxide. From the ratio of the combined to 
the free iron present, the empirical formula of the sol was calculated. 

'Ferric tungstate sol : — The amount of tungsten in the combined state with 
iron was found by coagulating the sol cataphoretically and also by potas- 
sium chloride ; the coagulum was in both the cases separately collected, 
washed and estimated for tungsten by precipitating tungsten as tungstic 
acid by means of concentrated hydrochloric acid and concentrated nitric 
acid. The tungstic acid was allowed to settle down and then filtered. The 
precipitate was washed with a solution of ammonium chloride to prevent 
the formation of colloidal solutions. The precipitate was slowly ignited 
in a platinum crucible and the residue was weighed as WO3. After pre- 
cipitating tungstic acid and filtration, to the filtrate was added strong am- 
monia solution and iron was precipitated as ferric hydroxide. This was 
ignited in a platinum crucible and estimated as FCgOs. The combined iron 
corresponding to the amount of combined tungstate was calculated on 
the assumption that the ferric tungstate is Fe2(W04)3. The rest of the 
iron is present as hydrated ferric oxide. From the ratio of the free to the 
combined iron, the empirical formula of the sol was calculated. 

Ferric borate sol : — The amount of iron was estimated by the use of the 
reagent cupferron (cf. molybdate sol). In order to find out how much of 
the borate was in the combined state with iron, the sol was coagulated 
with potassium chloride as well as cataphoretically. The total coagulum 
in each case was separately collected, washed and estimated for borate. 
This was done by dissolving the coagulum in hydrochloric acid and the 
. solution was made colourless by reducing the ferric iron to the ferrous state 
by adding just sufficient amount of staimous chloride. This solution 
was made distinctly alkaline by the addition of a caustic soda solution using 
phenolphthalein as an indicator. It was then made faintly acid with 0-05 
N. HCl, and its colour was brought to faint pink withe 05 N. NaOH. One 
third of its volume of glycerine was now added to the liquid and it was 
again titrated with 0'05N NaOH solution until it became pink. 10 c.c. 
more of glycerine were added which caused the solution to become colour- 
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less. Again sodium hydroxide was added and the process was repeated 
until finally glycerine caused no further action on the end point. Each 
millilitre of the o-0 5N. NaOH used in this last titration indicates the 
presence of o-oo}ig. of H3BO3, in the volume of sol taken. The com- 
bined iron corresponding to this amount of borate was calculated on the 
assumption that the ferric borate is FeB03. The rest of the iron is present 
as hydrated ferric hydroxide. From the ratio of the free to the combined 
iron, the empirical formula of the sol was calculated. 

Perm arsenate sol : — The amount of iron was estimated by the use of 
the reagent cupferron (cf. molybdate sol). A known volume of the sol was 
coagulated by potassium chloride as well as cataphoretically. The coa- 
gulum was in both the cases separately collected, washed and the arsenate 
was estimated as arsenic pentasulphide. For this, the coagulum was col- 
lected in an Erlenmeyer’s flask which was cooled by surrounding it with 
ice. The coagulum was dissolved by adding to it a well cooled solution 
of concentrated hydrochloric acid little by little. A very rapid stream of 
hydrogen sulphide was then conducted in this solution until it was saturated 
with the gas. The flask was stoppered and was allowed to stand for 
two hours. The arsenic pentasulphide was filtered off through a Gooch 
crucible and washed thoroughly with water. After drying at 105 °C, the 
arsenic was weighed as AsgSg. The combined iron corresponding to this 
amount of arsenate was calculated on the assumption that the ferric arsenate 
is FeAs04. The rest of the iron is present as hydrated ferric oxide. From 
the ratio of the free to the combined iron, the empirical formula of the 
sol was calculated. 

Perric phosphate sol : — The amount of iron was estimated by dissolving 
the sol in hydrochloric acid and reducing ferric iron to the ferrous state 
by the addition of freshly prepared stannous chloride solution and titrat- 
ing against standard potassium dichromate solution. In order to find out 
how much of the phosphate is in the combined state with iron, the sol was 
coagulated cataphoretically as well as by potassium chloride. The coagulum 
in each case was separately collected, washed and estimated for phosphate as 
phosphomolybdate. For this, the coagulum was dissolved in concentrated 
nitric acid and this solution was heated nearly to boihng. A three per cent 
solution of ammonium molybdate was run into the phosphate solution 
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slowly in a fine stream. The precipitate of phosphomolybdate was allowed 
to stand for nearly an hour in a warm place and then filtered through a 
Gooch crucible. It was washed with one per cent, solution of nitric 
acid and finally with water. The precipitate was dried in an oven 
and weighed as phosphomolybdate. The combined iron corresponding 
to this amount of phosphate was calculated on the assumption that the 
ferric phosphate is FePO^, The rest of the iron is present as hydrated ferric 
oxide. From the ratio of the free to the combined iron, the empirical for- 
mula of the sol was calculated. 

The viscosities of the sols were measured by the Ostwald’s viscometer 
at 30°C. Knowing the viscosity of water at 3o‘’C, the amount of water 
bound per litre of the sols was calculated from the Hatschek’s equation ® 
expressed in the following form : 

Water bound = = 1000 { f 

where A is the ratio of the total volume of water in the sol to the volume 
of water bound, rj, is the viscosity of the sol at 30 °C and is the viscosity 
of water at the same temperature. 

In the following tables are recorded the results of analysis and the 
compositions of the various sols studied in this paper. 

TABLE I 


'Positively 

Per litre : — 

Total Com- *Com- 
Sol iron g. bined bined 

acid g. iron g. 
Vanadate (A) 7*3708 2*7285 1*6750 

(B) 5*5282 3*1832 1*9540 

Molybdate 16*4638 9*7000 2*5080 

Tungstate (A) 7*8225 8*3000 1*3310 

(B) 7*5815 16*1700 2*5930 
Borate (A) 8*7495 1*9220 1*7360 

(B) 9*0220 1*7360 1*5680 

Arsenate (A) 11*8478 7*1320 5*3128 

(B) 17-4151 13-8582 10-3234 
Phosphate (A) 15-0768 19-4000 11-4000 
(B) 13-7366 15-2500 8-9600 


charged sols 

Free, ijj x Water 

irong 10'® Bound Empirical formula 
g- 

5- 6958 8-58 0-2634 17Fe2O3.10FeVO4.5H2O 

3- 5742 8-64 0-3519 9Fe2O3.10FeVO4.6H2O. 
13-9558 8-76 0-5786 iiFe203.2Fe2(Mo04)3 

3.H2O 

6- 4915 8-55 0-2249 5Fe203.Fe2(V'04)3.H20 

4- 9885 8-600-2913 2Fe203.Fe2(W04)3.H20 

7- 0135 8-40 0-0854 2Fe203.FeB03.o.2H20 
7-4540 8-38 0-0729 5Fe203.2FeB03.o.3H20 

6- 5350 9-00 1-2520 3Fe2O3.5FeAsO4.4H2O 

7- 0917 9-28 2-4400 Fe2O3.3FeAsO4.2H2O 

3- 6768 8-72 0-4953 Fe2O3.6FePO4.H2O 

4- 7760 8-62 0-3207 5Fe2O3.19FePO4.2H2O 
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TABLE II 


Per litre : — 
Sol 


Negativelj charged {glucose) sols. 

Total Com-* *Com- Free 77^ x Water 
iron g. bined bined iron g. lo"^ Bound 

acid g. iron g. g. 


Empirical formula 


Vanadate (A) 1*3402 0*4093 0*0837 1*2565 8*28 0*0219 i5Fe203.2Fe(V03)3.2H20 

(B) 1*5122 0*4547 0*0930 1*2192 8*30 0*0344 i3Fe203.2Fe(V03)3.2H20 

Molybdate (A) 3*1823 0*5800 0*1499 3*0324 8*32 0*0424 2oFe203.Fe2(Mo04)3. 2H2O 

(B) 2*7816 o*6oco 0*1551 2*6264 8*35 0*0563 i7Fe203.Fe2(Mo04)3. aHgO 

Tungstate (A) 1*51770*84000*1348 1*3829 8*200*0891 ioFe203.Feo(W04)3 . 

0.4H0O 

(B) 2 0562 1*31000 2102 1*8460 8*28 0*2186 9Fe203,Fe2(W04)3. 

0.7H0O 

Borate (A) 1*3083 0*1240 0*1120 1*1963 8*34 0*0514 5Fe2O3.FeBO3.H2O 

(B) 1*2952 0*1240 0*1120 1*1832 8*35 0*0563 i1Fe2O3.2FeBO3.FLO 

Arsenate (A) 1*1050 0*2126 0*1584 0*9466 8*30 0*0344 3Fe2O3.FeAsO4.H26 

(B) 1*5246 0*2416 0*1799 i ’3477 8*32 0*0424 4Fe2O3.FeAsO4.H2O 

Phosphate (A) 1*1052 0*3264 0*1918 0*9134 8*25 0*0190 5Fe2O3.2FePO4.HoO 

(B) 0*8097 0*5442 0*3198 0*4899 8*27 0*0244 3Fe0O3.4FePO4.FT0O 


Per litre : 

Total 

Sol iron g. 

Vanadate (A) 1*2843 

(B) 2*5686 

Molybdate { K ) 3*2127 

(B) 2-9976 

Tungstate (A) 1-5624 

(B) 2-8883 

Borate (A) 1*3125 

(B) 1*3864 

Arsenate (A) 1*4128 

(B) 1*4331 

Phosphate (A) i*ii68 
(B) 0*8376 

*Combined acid in 
in tungstate sols to WO 
phosphate sols to PO4. 


TABLE III 

Negafmlj charged {Glycerin^ sols. 

Com- *Com- Free 77^ x water 

bined bined iron g. lo'S bound Empirical formula 

acidg. irong. g. 

0-4729 0-0967 1-1876 8-35 0-0363 6Fe203.Fe(V03)3.H20 
0-8167 0-1669 2-4017 8-39 0-0790 7Fe203.Fe(V03)3.H20 
0-5200 0-1344 3-0783 8-36 0-0613 23Fe203.Fe,(Mo04)3 

.3H2O 

0-4000 0-1034 2-8942 8-72 0-4933 28Fe203.Feo(Mo04)3 

•30H2O 

0- 7119 0-1142 1-4482 8-42 0-0994 i3Fe203.Fe,(W04)3. 

I-5H20 

1- oooo 0-1604 2-7279 0-3830 i7Fe,03.Fe2(W04)3 

.13H2O 

0-1330 0-1319 i-i8o6 8-28 0-0219 9Fe203-2FeB03.H20 
0-1421 0-1284 1-2580 8-92 0-9931 3Fe203.FeB03.24H20 

0-2420 0-1803 1-2323 8-30 0-0344 7Fe2O3.2FeAsO4.H2O 
0-2607 0-1942 1-2389 8-34 0-0314 3Fe2O3.FeAsO4.H2O 

0-5384 0-3281 0-7887 8-40 0-0834 12Fe263.10FePO4.8H2O 
0-5949 0-3497 0-4879 8-44 0-4470 7Fe203.ioFeP04.ioH20 

vanadate sols corresponds to ¥3 O5, in molybdate sols to MoO„ 
3, in borate sols to HgBO^, in arsenate sols to As, and in 
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Discussion 

The composition of the sols depend upon a large number of factors, 
viz., (i) the initial concentrations of the reactants, (ii) the amount cf pep- 
tising agents used, (iii) the amount of alkali used, (iv) the extent of dialysis 
and (v) the extent to which the precipitated ferric salts are hydrolysed. 

Besides these factors, the compositions would also difFer with respect 
to’ the adsorption capacity of various acid oxides by ferric oxide. 

Taken from the existing data in literature the dissociation constants of 
phosphoric^, arsenic^, vanadic®, tungstic®, molybdic® and boric^® acids are : 

Acid Dissociation constant 


Phosphoric 

Arsenic 

Vanadic 

Tungstic 

Molybdic 

Boric 


I • I X 
5*0 X 
4*0 X lo"® 
7*6 X lo"® 

5- 7 X I0-’ 

6- 6 X 10"^® 


The dissociation constants of these acids are in the following order : 

Phosphoric > Arsenic > Vanadic > Tungstic > Molybdic > Boric (i) 

The stability of the ferric salts would very much depend on the dis- 
sociation constants of the acids. In the following table, we are recording 
the proportion of ferric oxide to ferric salts of the various positively and 
negatively charged colloidal solutions studied in this paper. It is natural 
that a salt more stable will be less hydrolysed and therefore, in its compo- 
sition there would be a less proportion of Fcg Og to the ferric salt of the 


polybasic acid, 




Sol 


Positive 

TABLE V 

Glucose 

Negative Glycerine 

Vanadate 

(A) 

3-4:1 

15 : I 

14 ; I 


(B) 

1-8 : I 

13 : I 

12 : I 

Molybdate 

(A) 

5-5 : I 

17 : I 

28 : I 


(B) 

— 

20 : I 

23 : I 

Tungstate 

(A) 

5-0 : I 

10 : I 

17 : I 


(B) 

2-0 : I 

9 : I 

13 : I 

Borate 

(A) 

4-0 : I 

II : I 

10 : I 


(B) 

5-0 : I 

10 : I 

9:1 

Arsenate 

(A) 

I -2 : I 

6 : I 

,7:1 


(B) 

6-6 : I 

8 : I 

6 : I 

Phosphate 

(A) 

0-5 : I 

5 : I 

■' 2-4 : I 

(B) 

0-5 I 

i-j : I 

1-4:1 ' 
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From the composition of thcsols, it is clear that the polybasic acids 
are in the combined form with iron in the above sols in the following 
order : ■ 

Vositmlj charged sols — 

PhosphorioArsenioVanadioTungstioMolybdic -Boric . . . . (2) 

Negativelj charged sols — 

• PhosphorioArsenioBorioVanadic — TungstioMolybdic ... (2) 
: Comparing series (i) and (2) it is interesting to note that the stability 

of the sols follow about the same order as the dissociation constants except 
for the borate sol whete there seems to be a departure. Boric acid seems 
to be greatly adsorbed- by the active surface of ferric hydroxide. 

A pemsal of table V shows that the positively charged sols contain 
proportionately a higher content of iron in combined state with the 
corresponding polybasic- acids. The negatively charged sols were prepared 
mainly in the alkaline medium. Even after dialysis, the pH of the 
supernatant liquids obtained after the coagulation of the sols with 
electrolytes he between 7-03 and 7 '64. The negatively charged sols pre- 
pared were sufficiently alkaline. This accounts for the larger proportion 
of ferric oxide in the negatively charged sols. 

_ Summary 

1. The compositions of the positively and the negatively charged 
colloidal solutions of ferric vahadate,- molybdate, tungstate, borate, 
atsenate'and phosphate have beem studied. 

2. It is observed that the positively charged sols contain propor- 
tionately a higher content of iron in combind state with the corresponding 
polybasic acid than the negatively charged sols, where there is a larger 
content of ferric oxide. - 

i- ; Itjhas been shown that the stability of the sols follow about the 
same onder as the dissociation constants of the polybasic acids, except 
for the- borate sols where there seems to be an anomaly. It appears 
that boric acid is greately adsorbed by the active surface of ferric 
hydroxide. 
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PREPARATION OF SILVER SOL BY THE REDUCTION OF 
ORGANIC SALTS OF SILVER. PART I 

Bt B. Chakra varti and S. Ghosh 
Department of Chemistry, University of Allahabad 
(Rjiceived on 14 - 9 - 1946 ) 

Kohlschiitter^ prepared colloidal silver by passing hydrogen through a 
saturated solution of silver oxide at temperatures between 50°. and 60 He 
reported that the nature of the material of the containing vessel markedly 
affects the colour of the silver sol formed. H. B. Weiser and IM. F. Roy 2 
and others using ultra filtered solution of silver oxide and pure hydrogen 
found that no sol can be formed by this method and they attributed this 
to the absence of the nucleii of silver which is the main factor responsible 
for the formation of silver sol in Kohlschiitter’s experiment. 

In the present investigation we have attempted to prepare silver sols 
by the reduction of organic silver salt solutions by different reducing gases. 
A few of the preliminary experiments showed that hydrogen gas was more 
efficient for the preparation of the sol. In the following table our observa- 
tions in the reductions of different silver salt solutions by a current of 
hydrogen both in cold and hot are recorded : — 

Table I 
Observations 

No sol formed but a black precipitate, the 
reduction being immediate. 

Same as above, the reduction being slower 
Do. 

A beautiful red sol formed. 

Do. 

Experimental 

Silver citrate obtained by the interaction of silver nitrate and sodium 
citrate was washed free from electrolytes. The precipitate was suspended 
in conductivity water in a pyrex flask in water baths maintained at different 

8z 


Silver salt 

Solutions 

Formate 

Acetate. 

Oxalate. 

Tartrate. 

Citrate. 
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tempetatures, and pure hydrogen was passed and a sol of silver was 
formed. 

For the estimation of the concentration of the sol the Uquid contain- 
ing lo-o c. c. the sol was taken in two separate centrifugal tubes and kept 
in baths maintained at 25 °C. for fifteen minutes and then centrifuged at 
2500 revolutions per minute for five minutes in order to remove anv sus- 
pended material. 5 c,c. of the supernatant liquid from one of the tubes 
was estimated for the silver content whilst the other was treated with a 
crystal of potassium nitrate to precipitate the sol. The precipitate was 
removed by centrifuging and 5 c.c. of the clear supernatant liquid was 
estimated for the silver content by titrating against a standard thiocynate 
solution for estimating the amount of silver in the dissolved state. The 
following table gives the comparative silver content of sols fromed by the 
reduction of silver citrate solutions at 50°. and 70°. : — 


Sol B. 

70°. 

II 

I I 64' 00 
1095 '96 

The above results show that the reduction is faster and more complete 
if the temperature of the reduction is high. . 

With the difference in the rate of reduction the xolours of the sols 
formed were different. For the sols prepared at lower temperature the 
colour was greenish blue whilst for the sol prepared at higher temperature 
the colour was red. The colours developed by the sols were determined by 
measuring the extinction coefficients at different wavelengths of the visible 
spectrum with a Nuttings Sprectro-photcmeter, the actual extinction 
coefficient D/t being derived by using Bunsen Roscoe’s formula D/t = 
logic ^5 where 6 is the angular reading and ‘ t ’ the thickness of the 
absorbing medium and ‘D’ the reading on the density scale. The cell 
used had a thickness of i c.m. Hence the reading on. the density scale 
directly gives the extinction coefficient. - . ■ . 

The sol was found to follow Beer’s Law. 


Table II 


Properties. Sol A. 

Temperature. 50°. 

Hours gas passed. 21 • 

Total Silver (mgs per-lit) 302 ’05 

Colloidal 1 12 '20 
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Table III 

The sol under consideration being Sol A. and different volumes of 
it diluted to lo. c.c. and extinction coefficient measured. 


Wavelength 

Volume of sol made to 10 

c. c. by dilution. 

of light in A.°U. 

2*0 C.C. 

I *0 C.C. 

0*5 c.c. 

5200 

I * 50 

0*66 

0*32 

5400 

1*28 

0*64 

0*32 

5600 

I *20 

0*60 

0 

i CO 

0 

0 

0 

00 

I *20 

0*60 

o* 30 

6000 

I *20 

0*60 

0 * ^0 

6200 

I *18 

0*60 

0*28 

6400 

i-i8 

0 

00 

0*26 


In the following table the extinction coefficients of the two sols A and 
and B containing the same amount of silver in colloidal form are given. 

Table IV 


Wavelength of Hght in A.°U. Sol A Sol B 

5 200 5 • I j ^ 

5400 5*0 2 ’5 

5 600 4-6 2*0 

5800 4*6 1-6 

6000 4-6 1-4 

6200 4 ^ * 3 

6400 4 '2 I‘I 


The figures for the extinction coefficient show that the sol prepared 
at lower temperature is of greem'sh colour as evinced by the fact that the 
extmction coefficient is nearly constant after 5600 A.°U. while the sol pre- 
pared at higher temperature is definitely ted as shown by the decrease in the 
extinction coefficient from 5200 A.°U. to 6400 A°.U. 


In order to study the rate of formation of sols of silver and the 
chemical kinetics of reduction, solutions of silver citrate were reduced by 
passing a current of hydrogen gas and the reduction was carried to the same 
extent to have an idea of the difference in the nature of the sol with the rise 

in the temperature of reduction. The reduction and the estimations were 
carried on as before. 


^ Our results show that the reduction of silver citrate solution by pass- 
mg a current of hydrogen is unimolecular with an induction period, which 
IS especially developed for the reduction at lower temperature. The 
temperature coefficient of the reduction is approximately 2 
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It has been found that these sols also obey Beer’s Law on dilution for 
the absorption in the visible part of the spectrum and in the following 
table the calculated amount of the extinctioii coefficient for the sols of the 
same silver content is calculated. 


Table V 


Wavelength of light 

Silver citrate 

reduced at 

in A°U. ... 

- 5 o"C. .. ... 

.70°C 

5200 

I ‘O 

I 'I 

5400 

I *0 

I ‘o 

5600 

i^i 

0*9 

5800 

I • 0 -- 

. 0-8 

6000 

I *0 

°'7 

6200 

I *0 

o‘6 

6400 

0-9 

0-5 


We conclude from our results that with the rise in the temperature 
of reduction the colour of the sol tends to be red i.e., the size of the colloidal 
particle is smaller at higher temperatures than at lower temperatures 
Scaum and Lang® prepared silver sol by reducing silver nitrate with sodium 
sulphide and phenylene diamine and determined the influence of size of 
particle on the colour of the sol. They reported that the colour of silver 
hydrosol will be orange, red purple, violet, blue violet, blue and blue green 
with an increase in the size of the particles. 

Our experimental results on the formation of metal silver by the 
reduction of silver citrate solution show that greater the speed of reduction 
the smaller is the size of the colliodal particles formed. This, however, is 
not always true for we have observed that the precipitation of silver from 
its organic salts such as formate and acetate by passing a current of 
hydrogen is fairly rapid, but no sols are formed. On the other hand, sols 
are easily obtained by the reduction of organic salts of polyvalent anions 
as' tartrate and citrate. We are of the opinion that besides the speed of 
reduction controlling the size of the particles precipitated, the presence of 
ions which can be absorbed on the surface to impart the charge to the 
colloid particle is important. 
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Abstract 

The inhibition of the precipitation of stannic sulphide from acidic 
solutions of stannic chloride, in presence of different amounts of oxalic 
acid and potassium oxalate, has been studied quantitatively. It has been 
found that soluble oxalates are far better inhibitors than the acid. The 
inhibition has been ascribed to be due to the complex fromation between 
stannic tin and oxalate radical. 

The inhibition of the precipitation of stannic sulphide in presence of 
oxalic acid was reported by Clarke^, in 1903, and Rossing^ devolved a method 
for the quantitative separation of tin and antimony, from a mixture con- 
taining these metals, by the use of oxalic and tartaric acids. Not much 
quantitative observation has been recorded on this phenomenon. Itt 
this communcation, we are recording the results on the quantitative study 
of the inhibition in presence of various quantites of oxalic acid and potas- 
sium oxalate. 

Experimental 

A standard solution of stannic chloride was prepared by dissolving 
Schuchardt s sample of stannic chloride crystals in normal hydrochloric 
acid solution, and the amount of tin in the solution was estimated as 
stannic oxide. Standard solutions of oxalic acid and potassium oxalate 
were prepared by dissolving the required quantities of pure oxalic acid 
and potassium oxalate in water. A solution of sodium sulphide of M/5 
strength was prepared by estimating iodometrically. It was noted that 

86 
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M/5 was the minimum strength of sodium sulphide that could precipitate 
stannic sulphide completely, from the prepared solution of stannic chloride. 
Since the stannic chloride solution contained normal hydrochloric acid, 
the resultant mixture after the addition of an equal volume of 
sodium sulphide, remained acidic. 

Several test tubes were taken, and in each lo c.c. of the stannic chlo- 
ride solution (strength M/i2-34) were delivered. To each were added 
10 c.c. of oxalic acid or the oxalate solution of known concentrations, and 
then 10 c.c. of the sodium sulphide solution. The first was filtered imme- 
diately, the second after half an hour, the third after four hours, the 
fourth after eight hours, and the fifth after ninety-six hours. Different 
sets of observations were taken, using different concentrations of the 
oxalic acid or the oxalate solutions. A blank experiment using water in 
presence of the oxalic acid or the oxalate was also performed. 

The precipitated stannic sulphide was estimated by filtering as such, 
and then weighing as oxide, by the ignition of the sulphide over a blast 
lamp. The filtrate from each of the experiments were boiled, and i c.c. 
of the sodium sulphide solution added. This was left overnight, and the 
precipitated stannic sulphide was filtered and estimated as stannic oxide. 
The sum of the amounts of stannic oxide estimated in the residue and the 
filtrate corresponded with that available from the total amount of stannic 
chloride taken. 

In tables I and II the results obtained on the inhibition of the precipi- 
tation by different amounts of oxalic acid and potassium oxalate are 
recorded. 

Table i 

Percentage inhibition in presence of different concentrations of oxaHc 
acid solutions. 


Ratio 

Time after which filtration was done 


: C2O/' 

0 hour 

i hour 

4 hours 

8 hours 

96 hours 

0 

2 * 35 % 

2 * 35 % 

1*90% 

— 

— 

0-778 

3 ’08 

2*35 

2*35 

0*29% 

0*29% 

1-542 

3 ’66 

3 *08 

2*78 

o’8i 

0.66 

3-085 

6*30 

4-98 

4’i8 

1-50 

I ’32 

3-526 

73:40 

7*18 

6*23 

2*93 

1*54 

4-113 

73 ’ 5 o 

7*33 

6*30 

3 *00 

1*54 

6-170 

F. 5 

73*50 

7*33 

6-45 

3*15 

1*54 
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In all the cases the inhibition is at first mote marked, but the precipitate 
soon appears. After a period of 96 hours, most of the tin gets pre- 
cipitated as stannic sulphide. 

Table ir 

Percentage inhibition in presence of different concentrations of potas- 
sium oxalate solutions. 


Ratio Time after which filtration was done 


Sn 

IV 

: QO/ 

0 hour 

i hour 

4 hours 

8 hours 

96 hours 

I : 

0 

2 * 35 % 

2 - 35 % 

1*90% 

— 

— 

I : 

0*389 

9*74 

9-29 

9*22 

8*78% 

8 * 72 % 

I : 

0*778 

23*22 

19-93 

19*05 

■ i8*54 

18*31 

I : 

1*542 

34*11 

29-28 

26*08 

19*49 

19*32 

I : 

2*075 

50*15 

32-06 

28*18 

21*61 

20*58 

I : 

2-468 

63-37 

39-38 

32*21 

22*91 

21*96 

I : 

3-085 

87-63 

40-56 

35*21 

23*35 

22*04 


For comparison, we have recorded below the percentage inhibition 
by oxahc acid and potassium oxalate for the zero hour readings. 

Table hi 

Comparison of the percentage inhibition by oxalic acid and potassium 
oxalate. 


Ratio 


Oxalic acid Potassium oxalate 


2 - 35 % 

I : 0-778 5-08 23-22 

I : 1 *542 3-66 34’ II 

I : 3-085 6-30 87-63 


These results show the remarkable efficiency of potassium oxalate as 
an inhibitor in the precipitation of stannic sulphide. Though the inhibi- 
ting power of oxalic acid was known since long, nothing was on record 
regarding the same property of oxalates. We^ have been the first to report 
this fact, and have further shown the remarkable efficiency of this inhibitor. 

With increasing concentrations of oxalic acid and potassium oxalate 
tie pmcipitate. showed a wide range of colour, beginning from yellow to 
deep brown, where it becomes gelatinous. ' Here the precipitate closely 
resembles a freshly obtained precipitate of ferric hydroxide in appearance. 
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As the quantity of oxalate ions in the solution are increased, further, the 
system assumes a colloidal character, and passes through the filter paper 
almost completely. 

In another set of experiments, the stability of the complex was studied 
by allowing stannic chloride and oxalate solutions to remain in contact 
for different lengths of time, and then stannic sulphide was precipitated by 
the addition of sodium sulphide. The precipitates obtained were filtered 
immediately after the addition of sodium sulphide, and stannic oxide 
estimated in the precipitate and the filtrate as before. From the experiments 
it can be inferred that the inhibition does not depend on the period for 
which the mixture of solutions of stannic chloride and oxalic acid or potas- 
sium oxalate are allowed to stand. Thus the complex formed in these cases 
is quite stable, and has no tendency to decompose even when kept for 
ninety-six hours. 

The gradual settling down of the sulphide precipitate with time, as 
seen from tables I and II, can be ascribed to the formation of a colloidal 
solution of stannic sulphide, which slowly coagulates. It is well 
known, that the formation of a colloid often precedes a chemical 
reaction, prior to the complex formation. Until a definite excess of the 
inhibitor is present, the complex formation is not complete, and hence 
inhibition is only partial. It has already been reported that small amounts 
of the inhibitors are not able to bring about the inhibition of the preci- 
pitation of stannic sulphide, but appreciable quantities are required. 

The first column in tables I and II, denotes the zero hour action of 
sodium sulphide on the complex (plus the stability of the complex). The 
fifth column, of course, conveys an idea of the amounts of complex formed, 
which is not decomposed even by the prolonged action of sodium sulphide. 

The following explanations are advanced regarding the gradual settling 
of the precipitated stannic sulphide in presence of oxalic acid or potassium 
oxalate : 

(i) The solvent action of hydrochloric acid present in the system, 
opposes the precipitating action of sodium sulphide, but we observed that 
the solvent action of the acid becomes negligible where the action of sodium 
sulphide is prolonged for eight hours, when the whole amount of tin is 
precipitated as sulphide. 
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(ii) Apparently it might appear that sodium sulphide dissolves stannic 
sulphide, but since the mixture remains finally acidic (due to the hydro- 
chloric acid present), this possibility is ruled ou*-. 

(iii) Coagulation proceeds with time, and it takes eight hours for the 
precipitated stannic sulphide to settle completely. In cases where oxalate 
ions are present, the time of precipitate formation is prolonged, and it takes 
as much as' ninelty-six hours to settle. The rest of tin is, however, present as 
complex, and is never precipitated, until and unless boiled, this being more 
prominent with potassium oxalate. 

We conclude that the inhibition of the precipitation of stannic sulphide, 
from soluble stannic salt solutions, by oxalic acid or soluble oxalates arises 
from the formation of complex compounds, this being more prominent 
with an oxalate than oxalic acid. It should be m.entioned here that several 
earlier workers*"^ have isolated complex salts between stannic salts and the 
oxalates. We have adopted some physico-chemical methods for the study of 
the composition and formulae of the complexes formed and the results 
obtained therein are in agreement with the view that potassium oxalate 
forms complexes more easily with stannic chloride than is done by oxalic 
acid. 
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In the investigations which follow, the thermal processes are neglect- 
ed for simplicity. It is hoped that the thermal process will be taken 
into consideration in a later paper. In this paper we shall investigate 
the motion of fluid in which the law of variation in. coefficient of viscosity 
is given by /a=jUo + CiA- for positive values of x. At the origin the value 
of /A is aud we shall further assume that p is constant and equal to zero 
for negative values of x. 

Here has been taken so small that its square and higher powers 
are neglected and terms of the first order of small quantities only have 
been retained. Motion of the fluid at a finite distance and at a great 
distance from the origin has been considered. We shall further suppose 
that u, V and w are small. 

The general equations of motion^ are 


D// 

d 7 




PoX- 


dx 







Dv ( „ s/* I 1 9^_L. V72«!. _L 4- 1 

f „ , 1 c6 , \ , dfJi ( div . du'] 

= 1 + +-5;(s7+-5^]. 


Dtp 


Since u, v, w and are all small, the general equations of motion, in 
the viscous medium, of sound waves become, 

c,i 
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3»_ 1 Cp ^ 9^ I 1 

ot Pd 3pq 9x Pq 

iv 18^, /io+6iX 8^ , , 

^~"7o9J + ~3^ 9J + ~/>o ^ 

3a^_ 1 9/ I Mo+ei^ , /^o+li^^a 

3/ />o 9^ Spo Po J 


If J denote the condensation we have, in addition, the equation of 
continuity 


9-f _ 9»' 

8^ “ I c^f 


9^' 8r: 


), 


and the physical equation 


( 2 ) 


P=Pi) + Po^\ (3) 

where c is the velocity of sound in the absence of viscosity. 

Now for motion at a finite distance from the origin, we have to 

neglect eiX-^, and e^A-vV and this 

case has been already solved^. Again if we consider the motion at a 
great distance from the origin^ changes appreciably and we cannot 
neglect them. 

Writing 6iX=eiXi and eliminating p and 6, we have 


3/ dxP 


3/ 



d«> 

dt 


= — C‘‘ 


if. 

9r: 


■+ 


Po po df 

R 72 j)_^ ^1‘^t 9 9 j" 

Po Po 9/ dj 

iifi i- ^ 

Po Po df dz 


^ • • 


J 


( 1 - 1 ). 


where 


c» 


CP CP> 

9J^ 9^;“ 


^ . J:... V 72 — ^ 

8^1 ^ 3j ^ 3 r; 3 / ^ ^ 8 j^ 

We assume that u, v, w and r all vary as ePK Thus we g 


ii 

2r:^' 


= v2«- 

Po 

^2, = Alii 

Po 

je»;= £i£ivv- 
Po 



Po 

AiLi 

/ 9X3^ 

( -^^+5 

«lA'i c 

!^ii . 

Po ^ 

J dji ^ 

( ^=*+5 

p. ^ 




( 1 - 2 ). 
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( 2 . 1 ). 


where _ fir. 

and is a constant. 

Differentiating both sides of the first, second and third equations of 
(z.i) with respect to x-y, j and ^ respectively and adding we have 

_^iL fi Jl 

Pq d^i 

f ^2+^ — -8-1^+ — V%, by (2.1) 

V Po J pQ dx^ Pq ^ V ^ 


or — 


€^Xi 


Po 


or 


or 


or 


V Po / Po 3-^1 Po 

fi^x^s=Xj_ ^ j V2r- 


2 

9xi 


by (1.2) 


Now 


^a=rfl^r34.4i^^ j (-4) 

“ ( '■+*^ 

or.^^j^r3{rriV=(V2j) +2^^ (V2.f)+4 ^(V2r)+2V2r} 


=:jg^2^q.|_£iiii^2, 9-<’ 


8^1 


or 


or c 


(V'-)+ j|- V% } +|^h.*V»(V-)+l*. jI (V»i-)+2V>.} 

I (v^r) + -J- V^r I+-I £- j (V^r) + 4 (V^s) +2V%| 
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+ where Pi 

or ^^{xiV®(V*^)+^^V^^} +!^(xiV®(V^x)+4xr^ (V^-r)+2V^^j 

-PPx(^‘=+f^;p)v^r=ip2^^-p*Pi^> • • • • (5) 

To solve (5), let J = R.S where S is a function of x^ only and R that of 
j and^ only, and R satisfies the equation Vi®R+/^R = o, Vi^ being 

= ^+^2. Thus Substituting the value of r in (5) we get the equation 
for S to be 





+>^;S2xi+/^^Pif*+|/^^2xi4-^Vi) S=0 


Of 


{J3 (8-8pi2f2)-(6/6<r2+7j82) p^Xj, 


-Sk^^i^}-^-{Pi (Skc^+7^^ + 16 + {P (3pi2^H3pi2.2^-8^) 

+^Pi (7j8*+3/^ir^) Xi+4jS/^^Xi®} S=0 (6) 


or D j S = o where Dj^ stands for the operator of S. For its solution we 
construct' an expression 

V= 2 , so that 

n=i) 
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a (a — 1) (a— 2) (a-3) (a— l)(a— 2) (Sp^c^ 

+16 +a (a - 1) {p (8 - Sp^^c^) - (6/^2 + 7p^) p^x^ 

-SkPx^^Xj^ ' ^-{pi (3-fe^2+7j82 +16-^jSxi} axi“‘ ‘ + {p (3pi 
+Bpi_^t^A-8k')+Apj_ i7P^+3ke^) x^+ipk^x^^ 


— S ^0 


where Ai=6 


SpiC^a (a— 1) (a— (ct *— 1){ 4a (a— 1 ) — ^ 

-PiaCAja-Aj) { 8 ^“+!)- A 3 } j8jfj“+A4jfi“+^ 

+A3X,“+2_ 

^(^+7P\ A^=3kc\ A^^Spi^p^+Spi^e^A-Sk, Ai=kp^{3kc^-\7P^) and 


A^=4:k^p. 


Thus Dj V=fo. 3 piC^. a (a— 1) (a-2j® *:i“ -3 proyided that 

(i) 3pif2 (a + 1) a (a - 1)® (a - 1) {4 a (a - 1) - 3 

or 3 p+2 („^i) (*-13 (a-l)~Spi^c^ ^^=0 

(ii) SpiiT^ (a+2) (a+1) a. ^- 2 +^ C«+l){4!a («+!)— 3pi®<!'^}<^i—p(Aia+A2yo=0 


(iii) 3pitf^(a+3) (a-r2) (a+l)^r3 + ^ (n+2) (a+1) {4 (a+2) (a+1)— 

~Pi {Ai (a+1}— A 2 } ir^—{8Aa (a+1)— A3}jS^o=0 

(iv) 3pif>+4) (a+3) (a-[2)V4+j8 (a+3) (a+2) {4 (a+3) (a+2)-3pi2^2j^g 

— Pi(a+ 2 ){A]^ (<*+ 2 )— Aj} ^ 2 — {8 (“d"!) (“4*2)— A 3 } ^rj^+A^^' 3=0 

(v) A5if„-3+A4r„.2— {8-^ (a+«— 2) (a+»— 1)- A3} 8r„-i— pi(a+») {Ai(a+») 

— A 2 } ra+^(a+«+l)(a+»){4(a+«+l)(a+»)— Sp^V®} c„j.i 
+3pi^® (a+«+2) (a+«+l) (a+«)%„+2=0, for»>3 


« 0 G +2 ^{4(a+«+l) (a+»)-3pi^} <r„+i_ _ pi{Ai (a+«)-A 2 }. 

orrfp 4 ^.^^_^+ („+«+2)(a+«) r ,.3 (a+«+2)(a + «+l)(a+«) ^„.3 

jS{ 8 '^(a+» — 2 ) (a+«— 1 ) — A 3 } Aj Ot -2 

~ (a +«+2) (a+»+l) (a+«)* G-a ' (a4-«+2) (a+«+l) (a+»)2 ^„.g 

4 . ^ _A 

^ (a+«+ 2 ) (a+«+l) (a +«)2 

If we suppose that — >/ as « -> we have 

G - 1 

3pir®/®+4i3 /«=0. or /* (3pi^V+4jS)=:0. 

Either /=0 or 
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Now we discuss the convergence of the series corresponding to the 
limits given by /=o and - • Thus four cases arise, 

^i^ Corresponding to the series will be absolutely and uni- 


formly convergent for all values of :> 




(ii) If i /xi 1 = 

(iii) Ifj/\-i( = 

(iv) If|/vil = 


4 / 3^1 

4 ^^ 1 
3 ^ 


< I, the series will be absolutely convergent. 
> I, we get a divergent series. 


3 pif 2 


= I, the convergency or divergency of the 

series will be doubtful. 

So we turn to physical conditions. 

— Jxi [ 




4^ P-o+^iX 

JL 

Bpip^ 


Po 

Be- pQ 


Considering air as the medium and temperature 2o°C^, viscosity 
=i8-i X io-®poise, ^=342. 5 metres/sec, po=i.i^z?i gm./litre, we find 
I Jxi I is always less than one (for nearly all appreciabely large values of 
j8). Thus we find that the series corresponding to both the limits are 
absolutely convergent. 

Now our indical equation is a (a - i) (a - 2)2=0 

ie. a = z, z, i, o. 

Therefore the four solutions are given by Sj = [V]a,=:25 

9®V 


Now we turn to (1.2) and (2.1) 

Pi V Pi Jdx-^ j dx^ 

V Pi j Pi f Pi j 9j 

-[<r2+^ ~^]r =— e^+i--^] S — 

V Pi )^K Pi \ Pi) 9^ 


a=0. 


( 1 . 3 ) 
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0^1^ 9j^ 9^ ^ 


Again from (4) Pii=x, ( B^XjS. 

V Pi ^ 1 


We Suppose 
and 


R„ 9®- V 
pv =- — . V 0 I 
CJ i 

p«=f-. V.J^ 


(7) 


where Vq is a function of a'j only, 


+ 




or- 




Pi 


-p^S-kVo 


or 


fr E? +> IT ^ 

. — ^ S . . . • 


(I) 


Again from the second or third equation of (1.3), we have, by 
rising (7), 

or pp,Yo=^i ( ^ - S 

...... (II) 

In order that our supposition may be valid we must show that (I) and 
(11) tend to the same result. 

From (I) &p,kY,=x, (3p,c^+4.px,)^, +8Px^ 

(SpiC^+8 pXi) S • 
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0+(8,..=+SM)|^ +8^x. +8^^ 

-*.(3p.tf’+fc’)+l^»,!-^,-{8p.{^>+&>)+8,5^x,i^-i(8ft^H8Wl/®-8i^S 


—1 

' (4ip]P^—8pikc'^) 

{K^Pi^P^+^Pi ^‘'^^)+^pi (Skc^+V^^) Ari+4/4^^Xi2} S by using (6) 


^2y ,^35 • roq 

~ d>^ (3pi>^f^+4pi^^) +3pi%2|6} + (8kpxi+3pj^kc^jpgp^p2 


—Spi^^)—{li(Spi^P^-]-Spi^e^k)-{-kpj.{Ske^-\-7p^) ^ {kpj^ (skc^-^7^s-^ 


dxi 


From these we get 


-j-Sk^^x-^} S 


Spi/^l^. 


dx^^ 


^1 J~9' — (^Pi+'^'^i) Vfl —Sp-ik,^pj^(c^J^^x,)S. 

A 3p, 


Simplification leads to (II). Hence the justification. 
Now we have to find the solution of 


Pi 


Pi 

Xj 

' Pi 






^ . 


Subject to -i-Jlfl 4 -?^ — A 
_ 9xj 3j/ 3^- 

. , ne. (xiV^-z^o) (»i,% S'!) = 0 where = /3pj 

with +^i+ 1^1 _0 
9^1 9 J ^ 9^ 

and this case has been already solved 

. Thus ,a complete solution can be obtained. 


(8J 
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References 

1- Proc. Nat. Acad. Set. Vol. XIE 1942 Page. 122. 

2. Lamb. Hydrodynamics 6th. Edition, 1932. § 361. 

3. Childs. Physical Constants, 1934, 25. 

4. Proc. Nat. Acad. Sci. Vol. XII. 1942 Page 158. 



I 

A THEOREM- FOR THE CONVERGENCE OF TFIE 
CONJUGATE SERIES OF A FOURIER SERIES 

By S. S. Agarwal 
Allahabad 

Communicated by Dr. B, N. Prasad, Ph. D,, D. Sc., F. N. A. Sc., F. N. I. 
Department of Mathematics, University of Allahabad 

I, Let/(.v) be a function which is integrable (L) over the intervel 
( --TT, 7 t) and defined outside by periodicity. Let the Fourier series of 
/(.v) be 

CO 

(i.i) -1^0+ 2 {a„ cos nx + b„ sin nx) 

it={ 

The conjugate series of this Fourier series is 

CO 

(i.a) 2 (b„cos nx-a„ski nx). 

«=l 

The conjugate function associated with (,1.2) is 

TT 

=7^ I '/'W cot —df. 

0 

00 

( 1 . 3 ) 

TT ] t 
0 

where a{,(/) = f {x^ t)-f (x-f). 

The object of this paper is to establish a test for the convergence 
of conjugate series, analogous to that given by Pollard for the Fourier 
series. 1 

We prove the following theorem : — 

Theorem A. At every-point x at which the conjugate integral gjx) 
exists the canjugate series (1.2) converges to g{x) provided that 

1 PoUard. 
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A theorem for the convergence of the conjugate series 


lOI 


( 1 . 4 ) 


lim 


lim 

e —>-0 


0 

IP 


Ip (/ + e) 
/+€ 


4i(t) 


dt—0. 


Further it -will be shown that this test includes Young’s^ test for the 
convergence of the conjugate series. 

I take this opportunity to express my best thanks to Dr. B. N. 
Prasad under whose guidance this paper has been written. 

2. We shall first prove two lemmas. 

Lemma 1. The existence of ^(.v) implies that 

(2.1) I >p (t) dt = o{t). 

0 

This follows from Thomae’s well-known theorem. Prasad^ has 
generalized Thomae’s result. 

Lemma 2. If k is a constant which tends to after n tends to 
oOj then 

kjn 

(2.2) I cos nt dt (1) as n -^oo. 

kjn 

For ^ I nt dt 

0 

kjn kjn 

5 / 

kjn kjn kjn kjn 

■ = — cos«/ I I I df I slant dt. 

t a 0 V 

Since ^(.v) exists, the first term tends to zero by Lemma 1. and the 
second term in absolute value is equal to 

kjn 

0 

= o (1) 

^ Young. 

2 Prasad, 
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This proves the lemma. 

3. If S„ denotes the partial sum of (1.2) then. 


TT 

(3.1) S„-^(x)= ^ I cos ntdt^ o (1) 

0 

ri TT 

= ~ v[f + n+ °o> 


0 7; 

V 


= — J nl dt o (1 


by the Riemann-Lebesgue Theorem. 


It follows from (2.2) that 


lim 

«-->co 


cos nt dt = lim 

J ^ «-> 00 




cos nt dt 


kjn 


= lim lim 

k'-^oo «->oo J 


!/-(/) 


cos nt dt^ 


kin 


since a constant is its own limit. 

This when (2.1) holds, (3.1) is equivalent to 


^n^£(x) = lim lim cos nt dt^ 

«~>oo j ^ 
kjn 

Hence in order to establish our theorem we have to prove 

“ ‘Z' (^) 

— - " cos nt dt ~ o 
kjn 

' ^ (t) , 

- y - cos nt dt 

kjn 

V 

= 1 ~ ■ cos nt dt 
kjv 



lim lim 

>C)0 /2— >co 
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, k k TT ,, 7T ,, 

where — = — — — =k' — = k'v. 

n TT n n 

We can change the upper limit in J to {-q+p) and the lower limit to 
k'v+v, with error 0(1) ; the first change being trivial and the second 
justified by Riemann-Lebesgue theorem. If we do this and replace 
t by we obtain 

J= - 

■’ J t + v - _ 

k]v ■ ■ 

Adding the two expressions for J we get 

kjn 

= 0 ( 1 ) if (1.4) is satisfied. 

The theorem is thus proved. 

4. To prove that (1.4) also includes young’s test for the conver- 
gence of the conjugate series, further suppose that 

(4.1) f \ 'll (t) \ is of bounded variation to the immediate right of r=0, and 
as /-+0 

t 

I I / 1 ./. (/) I } I ='0 (/). 

0 

Let . X (^) .= ? I I 

and 0 (/) = I 1 4 X (») 1 

0 

/ 

= [|4{/^(/)} I 
0 

On account of (4.1), S can be so chosen that 

6 if) ^ KQ) 

or |X(/)-X^o)l <A(/) 

But X (o) = o 

F- 7 


I X(^) 1 {t). 
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Hence 


I f {(+ e) I _ I ■/'(/) I _ 3^ e) _ XJ^ 

/ + e t (^ + ®) ^ 


. I f (^+ g) I _ I (0 I 

/+e t 


< \d 


t-\-e t-\-^ 








So that 


_ 4A' 
/ 


I (^+ g) I _ I I 

t+e t 


ke t 


dt -f" 4A 


f A 
J 
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5-f-e 

» f dt , . r dt 
s A ) - + 4A J - 

s ke 

= A log — ^ + 4A log^ , 

which is annihilated by the operator lim lim 

e -*0 

This proves the proposition. 
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ON THE CESARO SUxMMABILITY OF TRIGONOMETRIC SERIES 

By M. L. Misra 

Communicated by Dr. B. N. Prasad Ph. D., D. Sc., F. N. A. Sc., F. N. I., 
Department of Mathematics University of Allahabad. 

I. Supose that / (.v) is a function, which is integrable in the sense 
of Lebesgue over the interval ( - tt, tt) and is defined outside this interval 
by periodicity. Let the Fourier series associated with f (x) be 

CO 

(1.1) . ia^+ -2, (a„ cos n x+b„ sinn x). 

ft-i 

The .‘Conjugate’ series of this Fourier series is , 

oo 

(1.2) D (^ffCos « X— sin x). 

n=l 

The "conjugate’ function associated with (1.2) is 


TT 

} cot i tdt. 


(1.4) 

where 


=ir ±p-dt, 

TT } t 

0 

tl) if)=f -f (^- 0’ 


the integrals being Cauchy integrals. 

In this paper, we investigate the summability (C,/l), where /l=»+a, 
n being a positive integer and o S a< i, of the conjugate series (1.2) by a 
general method which reduces the discussion of the summability (C, «+a) 
to that of ordinary convergence or summability (C, a) according as a is 
equal to or greater than zero. In the former case we deduce a number 
of theorems on the lines of Prasad* by applying the known convergence 

* Prasad, 12. 
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criteria of the conjugate series of a Fourier series. In the second part of 
the paper we give the corresponding investigation for the Fourier series. 
It may be mentioned that there is a certain amount of overlapping 
between some of the results of this paper and those of Bosanquet, 
Verblunsky and Prasad (Theorems 3, 4 and 8). But whereas the 
technique adopted by Bosanquet and Verblunsky, although powerful, is 
of a rather difficult and complicated character, the analysis employed here 
has the advantage of simplicity and directness. 

I am much indebted to Dr. B. N. Prasad for his kind interest and 
advice in the preparation of this paper. 

2. We write 

1 

y l+i (^) =1 (1 -■«)^ cos tudu = Ci+i (/), 

0 

the function C (/) being the case p—k -\- 1 of Young’s fuction* 


c (f) = S (-1) 


r(p+2r+l) • 


It is well-known that f 


1 (f) I S 


I W I -= I I a . 

for all t and k >0, where a=min {k, 2) and A is a constant and 
(2.2) I rh (/) 1 < , 

( / 1 P 

for where = min (yfe, 3). 

Further we write 


<^i+i (0 = I (1—*)^- sin/ ud 
0 

^ ^>'2+k (f) _ 

t 


(/) -> 0, as t and (f) = O ( y i , as / cx> . 


* Young, 17, 160. 
f Grimshaw, 2; Pollard, 9. 
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Further (/) and its derivatives are uniformly bounded for all t. 

5. We begin by giving a direct proof of a special case of Hardy and 
Littlewood’s theorem* in the form of 

Lemma 1. The allied series (ra) ts sum-mahle (C, Ji), /^ > o, to the 
c nju^te function g (x) for all values of x for which the integral ( 14 ) exists, 
provided that 

t 

0 (/)= l^\^(u)\clu=0 ( 1 ). 

0 

A particular of this lemma is Prasad’s theoremf namely that if/ (x) 
is bounded, the conjugate series is summable (C, 8), 8>o, to^ (x). 

As shown by Prasad and Verblunskyi;, the condition that the con- 
gugate series may be summable (C, /I) to S at / = x is that 


(3.1) 


If we take 


then (3.1) reduces to 
(3.2) 



<^1+^ 




0 




lim f — fk (vhf) dt=0, 

Cj“>oo J ^ 


by (2.3). Thus to prove the lemma, we have to show that (3.2) holds if 


Now 


(/) = o (1) 


I ^ rt (wt) dt = 
0 


X/w 'T) CO 

0 X/w 77 


fk (mf) dt 


= I + J + K, 


* Hardy and Littlewood, 4, Theorem B (ii). 
t Prasad, 10, 274. 

:j: Prasad, 10, 277. ; Verblunsky, 16, 400. 
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say. Integrating by parts, get 

X/oj 


X/&? Xjo3 X/w 


n {wf) I j I I I /, 


dt }• {7Pt) dt 


Xjca 


= n (0) I 




0- 0 

X/w 


dt + 


c[o^[dt) 


= O (1), 

as oj->oo, since the integral (1.4) exists and r/ (»•'/) is bounded in (o, A/a>) 
£otk>o. Also by (2.1) 



dt 

(coty ’ 


a=min {k, 2) > 0, 


coa J /l+a 
X/cu 


V 



=°(A)+°(A)-'’«- 

if A->oo after co-^oo. 

Further, 

|K| ^\\^n{wt)dt\c^\y^ dt 
V 'n 

TT 

0 

= o(^) = .a). 

as oj-^oo. This proves the lemma for k>o. 
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If however k>'i, we have 


J=| tmr,{^t)dt 




^ V 


[ M j ^ j ( I 

t Xjoj Xjcc t 


= Jl + J2> 


sav. Now 


J* I “ I I I 




dt\ ,a = min (yfe, 2) > 1, 


Xjzo 

0 ( 1 ). 


if A“>oo after a)~>oo. Also if AI be the upper bound of If if jin (0,07), 


then 


fj 

J J < M a,f I r>k (r^t) \ dt 

MCO f if „ • /r r.\ .1 

^ j ^ = min (4 3) > 1, 


X/w 

M 1 _ 

< (;8-l)- A^-1 - 

if A->oo after aj->oo, ^ being greater than i. Thus 

J = « (1). 

Also - 

I = <1 (1), K = <1 (1), 

as before. Hence we get Paley’s result* that if k>i, the conjugate series is 
always summable.(C, to 


TT J / 


dt. 


wherever this integral exists. 


* Paley, 8, Theorem 2 with a = 1. 
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4. In the lemma i above, we have supposed that the conjugate 
integral (1-4), exists. We shall now remove this restriction and assume 
instead, that the conjugate integral (1-4) exists (C, r\ that is, if 


X 



tends to a limit when €-+o and X -t>oo, the case r=o implying convergence in the 
ordinary sense. Let 

'/'o W = W =f{x + t) - f{x-t). 


i t 

'Pt W =-^1 {t) dt, <Pz (f) = (/-i (/) 4/, 

0 0 

and generally 

t 

'P» (P) = yj <Pn-i {t) dt, 

0 

n being a positive integer. We shall now prove 

Theorem i. The conjugate series corresponding to ^ (?) m/t be summahk 
(C, k) to S if the conjugate series far jIi„ (?) is summable (G, k-n') to S, k>n, 

5. Proof of Theorem 1. As before, the condition that the 
conjugate series be summable (C, k) to S is that 


( 5 . 1 ) !im " f ^ (r) (to/) 4 /=S. 

Od-^00 TT J 

0 

Now 

00 00 C 30 

P (i) (»'^) dt = -i S'? 1^1 (?) cr^+k Qvt) j (?) (s'?) dt. 

0 0 0 

The terms within the square brackets tend to zero as 
F. 8 
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t 

- -^1 W =7-} = 0 (t) ’ 

/ ■ o' 

= o /-^oo, 

and by (2.4). Hence 


CO CO 

p 2 f* 

7 j ^{t) 0^1+i dt = — / <Pi (/) o-'i+i ()?'/) dt 

'0 0 


since 


00 00 

■ = - I '/'I W + —7^ 1 h O'l+i (jji’i) 

0 0 

^ o-i (/) - (-^ + 1) o-j+i (/). 


^ . CO CO ■ ,; 

Ot i/r (/) a^+i (]vf) dt - S = - '/'I (jy/) - S 1 + 

0 0 . 

, 00 

('^ + 1)|^7 I °'i+' dt ~ S 1. 

r = - p + (^ + 1) Q, 

say. . 'Now as <o-*oo, 1 = 0 (x) is the condition that the conjuo-ate' series 
corresponding to ^ (/) is summable (Q k) to S ; P = <? (i) is the'^condition 
that the conjugate series corresponding to (?) is summable (C,' k-x) to 
S and Q=o(i) is the condition for the summability (Q A) to 
S of the conjugate series corresponding to (/). From the theory of 
summability it follows that, when P = 0 (x), we have Q = 0 (x) and 
therefore I = 0 (x). Hence the condition that the conjugate series for 
>!> (?) may be summable (C, M) is that the conjugate series for (/) be 
summable (C, y^-i), i S i . By repeated application of this result, we 
obtain the theorem., . ( , , ’ 

I. If we take = » + a, where n is a positive integer or zero 
and o 2 a < I, then the Theorem i becornes 
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Theorem i A. The conjugate series corresponding to ^ {f) be 
summable (C, n + «), « being a positive integer or ^ero and o < a <i, /o S 
if the conjugate series for >p„ (/) is summable (C, a) to S,.that is if 

CO 

(5.2). hm 4 f (/) dt. = S. 

6)“>co TT J 
0 

6 . We shall now examine the cases a > o and a=o. 

Case 1. If a > o, we shall prove the theorem. 

Theorem 2. The conjugate series is summable (C, k) to the h.tegral. 

0 - 

where k — n a, n being a positive integer including s{ero and o < a < i, at 
every point where the integral exists provided that 

t 

-Ij 1 = o (1). - 

0 

The lemma i above is the case » = o of the theorem 2. 

To prove this theorem we require the lemma. . • 

Lemma 2. Jf the integral 

0 - ■ • ■ ■■■ ’ . 

exists^ r being a positive integer, then the integral 

0 

also exists and is equai to it. 

This follows from the lemma T-of hardy and Littlewood* by putting 

a = 00 . ’ 


* Hardy and Littlewood, 3, 222. 
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I14 

Proof of Theorem 2 . If we take 

S = dt =±[tMdt{C,n) 

5tJ / nit 

0 0 

by the lemma 2, then by the lemma i, (5.2) and {5.1) would hold, 
provided that 

t 

I 1 = O (1). 

0 

This proves the theorem 2. We also observe that if k>n+i, the series 
is always summable to 

0 

which is Paley’s result.* 

We shall next prove 

Theorem 3. At a. point at which ■ 

t t 

ij* («) 4«=0 (1), 1 («) I A=0 (1), 

0 0 • 

a necessary and sufficient condition that the conjugate series be summable (C, n +a) 
to S is that the canjugate integral (1.4) should converge (C, n) to S. 

We require the following lemmas : — 

00 

Lmma 3. Ij p, {■/)=o (i) and dt (C, r) exists, then 

0 

00 

dt {C, r- i) also exists. 

0 

This easy to show with the help of lemma 2 and the integration 
by parts. 

Lemma 4. If it)=o (i) and if the conjugate integral exists in some 
Cesar 0 sense, then it exists (C, n). 


* Paley, 85'Theotem 2 with 
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For by the lemma 2, 

• 7 T } i J ^ 

0 0 

Now if the conjugate integral exists in some Cesaro sense, then the 
integral 

7 T J t 
■ 0 

either converges or exists in some Cesaro sense. But 

— !A«+i W=<’ [7-]- 

Hence by . the integral analogue of Cesaro-Tauber theorem for summable 
series, the integral 

00 cc > ^ 

TT J t TT ] t 

0 0 

exists. Also 

’A«+i ^')=o (!)• 

Therefore by the lemma 3, the conjugate integral exists (C, n). 

Coming now to the proof of Theorem 3, we see that the condition is 
necessary because if the series be summable (C, n) it is summable (A) and 
hence the conjugate integral exists in some Cesaro sense by a result proved 
by the author* and then by the lemma 4, it exists (C, n). The sufficiency 
of the condition follows from the theorem 2. 

Theorem 2 completes the theorem VIII of Verblunsky.'}' A similar 
theorem lias been given by Bosanquet.^ 

If we assume only the second condition of the theorem 3, then we 
shall get 

* Misra, 7 (Theorem A). 

t Verblunsky, 16 , with p -n (integer). His functions x {*) •A W- 

^ Bosanquet, 1 , 28 
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Theorem 3 A. At a point at which 

t 

(4|^=0(i), 

0 

a necessarj and sufficient condition that the conjugate series be summahle 
(C, n+i+a), a>o, to the sum S is that the conjugate integral 4) should 
converge (C, «+i) /o S. 

This theorem follows from theorem 2 and the following lemmas : — 
Lemma If 

t 

I 

0 ' ; 

and if the conjugate integral exists in some Cesdro sense, then it exists 
(C, «+i). 

For we have 

t ■ ' 

vl ^„ («) ^« = O (1) 

0 

and so the' proof is as in the lemma 4. 

Lemma (>. If 

, t, 

'^1 1 I ^/^=0 (1), 

0 

then 

■■■■,. i . . ' . . . ■ ’ 

1 (u) i du=0-{l). ^ 

0 

This is due to Verblunsky.* ;; - 

7. Case 2. If a=o, k—n (a positive integer), then the conditon 
(5.2) reduces, to. ..... 

00 

lim f fj dt=S. 

£iJ“>oo TT J 

. 0 , 

* Verblunsky, 15, Theorem IX B with S = l. 
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lim JL[ (/) ^ dt = S. 

^■->00 7T J t 

0 

77 J / 77 J / 

0 0 

f (f) = 0, 

w-->- oo J ^ 

0 

and we obtain, from the theorem i A, the following theorem 

Theorem 4. The conjugate series for rp (t) will be summable (C, «), » 
being a positive integer or •^ero, to 

provided that the conjugate series for (t) converges to S, that is if , 

(«) ‘‘"„1 ■ 

0 

If«=o, wehave the well-known theorem for the convergence of 
the conjugate series * 

This reduces the summability (C, «) of the conjugate series corres- 
ponding to p (t) to the ordinary convergence of the conjugate series for 
p„(f). If we now apply to (7.2) the well-known standard criteria for 
convergence of the conjugate series, we shall have as many tests for 
summability (C, n). This we get the following tests 
By the application of Pringsheim’s test, t 
Theorem 3 (a). The conjugate series is summable (C, n)to ' 


Or 

(7.1) 

If we take 

then (7.1) becomes 

(7.2) 


* Hobson, 5, 694. 
f Pringsheim, 17, 87. 



M. L. MISRA 


IfS 


if the integral 


exists. 


Af” 



0 


By the application of Young’s tests* 

Theotem 5 (b). The conjugate series is summahle (C, li) to 

0 

at a point, if a neighbourhood can be found in which ip„ (f) is of bounded variation 
or more generally 

00 

0 " 

is of bounded variation. 

By the application of Prasad’s testf 

Theorem 5 (c). The conjugate series is simmable (C, n) to 


0 

provided that 

t 

^«(^) =-7'! 

where 

t 

J 1 I O (/). 

0 

By the application of a test given by the author i — 

* Hobson, 5, 696. ' 

f Prasad, 11, theorem 2. ; t Misra, 6, 213. ; 
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00 


4 ’ (f) 


dt if) (C, n). 


provided that 


lim 


illf) dt=(i,h>e. 

t /■+2e ’ 


The theorem 5 (d) includes the theorems 5 (a), 5 (b) and 5 (c). As 
shown elesewhere*, Prasad's generalised conjugate functions ^ (x) (a) 

are respectively equal to the integrals 

0 0 

The theorem 4 of Prasad is a particular case /2=i of the theorem 2 
above ; also the theorem 5 of Prasad -fr is the theorem 4 above. Our 
theorems 5 (a), 5 (b) and 5 (c) correspond to the. theorem 6 of Prasad, t 

8. Hence-forward, we shall give the corresponding investigation 
for the Fourier' series. 

It is know that a necessaay and sufficient condition for the Fourier 
series of an integrable and periodic function/ (/) to be summ.able (C, /fe), 
> o, to the sum S, at the point t=x is 

■ lim CO [ Q) f'l+i (®'^) dt = 0, 
co->oo J 
0 

^ (f) = f(x+f) +f (x-t) - 2 S. 
t t 

<f> (t), 9^1 (f) == 7 I ^ ^ M 

0 0 

* Misra, 7- ; -ff-.Prasad, 11,160,162, 
t Prasad, 11, 178, 188, 196, 

' F. 9 


( 8 . 1 ) 

where 

Lee 

4(1 (.d) = 
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r being a positive integer, we say that 

^ =z 0 ( 1 ) (C, r) if <l>r (/) -^0 as t-^o. 

Verblumsky* has proved the following result 
Lemma 7. If 

AJ <!> (t) dt^Q (1), yj dt=^C> (1), 

0 0 

then 

n 

lim a \ 4 , (t) r^+i (»/) dt = o,k> 0 .. 

W->00 J 
0 

We have, by integration by parts, and using (a’l), 

lim a)\ 4 (t) r-^+k{n>t) \ wq 4 ,-y{-q) \ ^x{.i)tr\+k (?>t)dt\ 

>00 J £*)-^00 [_ J 

0 0 





= lim r dt-\- l^m f r^Ark 

W-->00 J OJ—J^CX) J 


0 


0 


as 

or 

say. 


t r^i+k {t) = k n {t) - (k+l) r I4i (/). 
I =_ ^ p + (^+1) Q, 


Now 1=0 is the condition that the Fourier series for.;6 (/) is summable 
(Q tOjS ; P=o is the condition that the Fourier series for (/) is 
summable (C, k~ \) to S and Q=o is the condition that the Fourier 
series for <f)^ (/) summable (C, k) to S. We know that, when P=o, 
we have 


Thus we get 


Q=o and hence I = o. 


* Verblunsky, 16, Lemma 1 . 
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Theorm 6, Th Fourier series corresponding to {t) will he summahle 
(C, /^) to the sum S ij the Fourier series for (/) is summahle (C, - i) to 

S, /I 2: I. 

This generalises Theorem i of Prasad.* 

H k=nFa, where « = a positive integer and o ^ a < i, then by 
repeated application of the theorem 6 we get 

Theorem 7. The Fourier series corresponding p (/) will he summahle 
(C, n + a) to the sum S if the Fourier series for (t) is summahle (C, n +a) 
to S i.e. ^ 

II ■ 

(8.2). lim CO f (/) (co/) dt = o. 

C0->oo J 
0 

9. Case I. If a > o, then lemma 7 gives 

Theorem 8. The Fourier series for p (t) will he summahle (C, n a j 

to S if 

i j (/) dt = 0 (1), I 0 I dt = 0(1), 

0 0 

n being a positive integer and o < a < i . 

This is' Verblunsky’sf theorem I for 7!) = n. We can also, as in the 
case of conjugate series, establish theorems analogous to the theorems 
II and III of Verblunsky.f 

10. Case II. If a = o, a positive integer, then the theorem 

7 becomes. 

Theorem 9. The Fourier series corresponding to p {t) will he summahle (C, n\ 
n being a positive integer, if the Fourier series corresponding to p„ (t) is convergent 
in the ordinary sense. 

Prasad’s theorem I is the case « = i of the theorem. This reduces 
the summability (C, n) of the Fourier series for p (t) to the ordinary 
convergence of the Fourier series for If we now apply to ^„ (/) 


* Prasad, 12. 
f Verblunsky, 16. 
^ Prasad, 12, 
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the well-known standard criteria for convergence of a Fourier series, 
we- shall get as many tests for a summability (C, n). Let us first take the 
case when 

lim <l)n (t) = o. 

/— >0 

Then we get the following tests : — 

Theorem lo. Af a point at which 

lim (?) = o, 

>-0 

the Fonrier series will be stwimahle (C, n) to the sum S, n being s^ero or a 
positive integer, provided that any one of the following conditions is satisfied : — 

(a) I cpn (/) I <A ? ^ ' 


for all values of t not greater than some fixed positive number A and k being 
fixed positive numbers or 


€ 

(^) J — - dt exists ; or 

0 

(d) an interval (o, S) can be found in ivhich j>n (/) or more 
is of bounded variation ;• or 

t 

(d) \\<i>n^x{t)\dt^O{t);or 

0 


/ 

generally ^ | f,, (/) dt 
0 


€ 

The conditions (a), iff, {cf [d'j and (f) above are obtained by the 
application of convergence tests* due to Lipschitz, Dini, Jordon and de 
la Vallee-Poussin, Young and Lebesgue respectively. It is well known 
that the condition (e) includes the previous ones. 


* G. Prasad, 13 , 25. 
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If however, 

lim 

t-^o 

does not exist but (/) has a discontinuity of the second kind at / = o, 
then by the application of Du Bois-Reymond’s test* we get the following 
test : — 

Theorem II. ^ 

<f>« (^) = p (0 cos a (/) 

n^here each of p (t) and a [f) is monotone {in o, 8 ) and at least 0 {t^ is unlimited, 
than the Fourier series will be summable (C, n) if 

log yoc o-(^) oc , 

and 

p (i)oct\/a" (f), 

where S is any positive big number. 

The test given by Prasad* for summability (C, i) are obtained from 
theorems 10 and ii by putting n — 
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SOME PROPERTIES OF NORMAL RECTILINEAR CONGRUENCES 
By Ratan Shanker Mishra, Delhi 

{Communicated hj Prof. Kam Behari — Received Sept. 16, 1946). 

Rambeharii has shown that spherical representations of the Principal 
ruled surfaces through a line of a normal rectilinear congruence are 
isometric. In this paper I have shown that they are isothermal conjugate 
also and that the curves on the sphere representing the characteristic ruled 
surfaces through a line of a congruence formed by normals to the middle 
surface are also isothermal conjugate. 

I. Let a rectilinear congruence be defined by 
^=:X+jfX, 1J=J+AY, t,=^+t. Z,' 

where X, Y, Z; x, y, z are functions of two variables ‘ u ’ and ‘ v ’. 

Let the curves on the sphere which represent the principal surfaces 


be taken as parametric curves, then,^ 

F = O (i*i) 

and f+f=o, ' (i-a) 

E, F, G.; e, f, g being the coefficients of Kummep’s quadratic forms. 

If the congruence is normal^, using (I'a) we get 

Taking the surface of reference as the middle surface, we get* 

£GT^E= o (i‘4) 

Also y ( = 2Xxi) and y' (sEXxg) are given byS 

« 2 -/i- {¥}'«+ lV}7-{¥}'/'+{yr^ + Fy + Ey' = o, (1.5) 

/'2-<gi-{¥r« + {¥}'/-{¥r/' + {V}'^+Gy-Fy'-o, (1 6) 


where the subscripts i and 2 denote differentiation with regard to u ard 
‘ V ’ respectively. 

Using (i-i) and (i"3) the Equations (1-5) and (}- 6 ) become 
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g 


E 


^ , Gi J_ Gi _ 

-^l+ — • E + “ “ °- 


(17) 

( 1 - 8 ) 


E ‘ 2 G 

With the help of equation (i *4) the equations (i "i) and (i -8) give 
‘ e ’ is a function of ‘ u ’ only and ‘ g ’ is a function of ‘ v ’ only. 


e a function of only 
" 'J” a function of ‘v’ ODly 


Hence 




lo8(l) = o 


which shows that the parametric curves are isothermal conjugate. 


A, ^ ^ 

Also — = — -7^ 
g G 




(i-io) 

(i-n) 

(l-I2) 


which with the help of (i • i) shows that the parametric curves are iso- 
metric. 

Hence the curves on the unit sphere representwg principal surfaces through a 
rectilinear congruence formed bj normals to the middle surface are both iso- 
metric and isothermal conjugate. 

2. Let' the curves on the unit sphere representing the characteristic 
surfaces be parametric^ then 

\{f^r)du^gdv I 


e duri if -I-/') dv 
8 du+h'dv 


S' du^-h"dv 


(2'l) 


must be the same as dudv=o. 


<^hefe B=-^(Ef-Fe), 28' ~(Eg-Ge + Ff -Ff), S"= f^(Fg-Gf). 


H 


H 

Hence f h/'=o 

and 8^=0 

A.lso, since~the congruence consists of normals to the middle surface, ' 
which is the surface of reference, using (2-2) we get 


(2-2) 

(2-3) 
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/=/=0 - ( 2 - 4 ) 

and =o (2- ‘ 5) 

But equation (2 . 3) gives 

E^ — Gff=o ( 2 ' 6 ) 

Tlierefote from (2-5) and (2-6) we get 

E=G= o, ( 2 ' 7 ) 

since the fundamental coefficients are not proportional. 

Therefore the equations (1-5) and (i-6) become with the help of (2-4) 
and (2.7) 

^2-{¥}'^+{V}'.g=o (2'8) 

+ { ¥r.g=o ( 2 - 9 ) 

or ^ 2 = o and^i= o, 


/.e. ‘ e ’ is a function of ‘ u ’ only and ‘ g’ is a function of ‘ v ’ only. 



Hence the curves on the unit sphere representing the characteristic surfaces 
throng) a line of a rectilinear congruence formed by normuls to the middle surface 
are isothermal conjugate. 

]qoTE. — ^As for a normal congruence the developable surfaces coincide 
with principal surfaces, and surfaces whose speherical representations are 
minimal lines coincide with characteristic surfaces, hence the^ results for 
developable surfaces are similar to those tor principal surfaces and the 
results fer surfaces whose spherical representations are minimal lines are 
similar to those for characteristic surfaces. 

For his constant guidance and valuable help in the preparation of this 

paper I am thankful to Dr. Ram Behari. 
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